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Updated Lagrangian Formulation of a Flat Triangular
Element for Thin Laminated Shells

P. Mohan* and Rakesh K. Kapania' ,
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

An updated Lagrangian formulation of a three-node flat triangular shell element is presented for geometrically
nonlinear analysis of laminated plates and shells. The flat shell element is obtained by combining the discrete
Kirchhoff theory plate bending element and a membrane element that is similar to the Allman element but a
derivative of the linear strain triangular element. Results are presented for large-rotation static response analysis
of a cantilever beam under end moment, cylindrical shell under pinching and stretching loads, a hemispherical
shell under pinching and stretching loads, and a ring plate under a line load; for dynamic response analysis of a
cylindrical panel; and for thermal postbuckling analysis of an imperfect square plate and a cylindrical panel. To
estimate the accuracy of the present formulation in predicting the nonlinear response of large flexible structures,
static analysis of an apex-loaded circular arch is performed. The arch is a building block of a large inflatable
structure. The results are in good agreement with those available in the existing literature and those obtained using
the commercial finite element software ABAQUS, demonstrating the accuracy of the present formulation.

I. Introduction

HE two most widely adopted approaches in the finite element

analysis of shells are use of curved shell elements based on
a suitable shell theory and approximation of the curved structure
by an assemblage of flat shell elements in which the membrane-
bending coupling is brought about as a result of material anisotropy
and transformation of the element stiffness matrices computed in
a local coordinate system to the global coordinate system prior to
assembly. The curved shell elements can be computationally very
expensive, especially in the case of nonlinear analysis, because of the
complexity of the formulation and the need to compute the curvature
information. Flat shell elements are more attractive because of their
simplicity and the ease with which they can be built from already-
existing familiar membrane and plate bending elements. Though a
large number of elements are required to accurately model curved
structures, the analysis is computationally less expensive because
of extremely simple formulation.

Updated Lagrangian formulations have been predominantly used
in the flat shell formulations available in the existing literature. In
an updated Lagrangian formulation, all of the variables are referred
to a known configuration, the reference configuration, which is up-
dated continuously during the deformation process. If the rigid-body
modes are removed from the total or incremental displacements, the
resulting deformational translations and rotations are very small and
hence a linearized incremental formulation' can be used. In a lin-
earized incremental formulation, the stresses are computed using
linear strain-displacement relations. The tangent stiffness matrix
contains only the linear stiffness matrix and the initial stress ma-
trix. The stiffness matrices resulting from the nonlinear terms in the
strain-displacement relations are neglected, resulting in very eco-
nomical analysis. If the rigid-body modes are not removed, all non-
linear terms in the strain-displacement relations will have to be con-
sidered for computing the stresses and the tangent stiffness matrix.

A three-node flat triangular shell element was introduced by
Argyris et al.? for nonlinear elastic stability problems. This formula-
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tion, denoted as the natural mode technique, is based on decompos-
ing the displacements into rigid-body and straining modes, which
are exhibited naturally by any structure undergoing deformation.

Horrigmoe and Bergan® presented flat triangular and quadrilat-
eral shell elements based on a hybrid stress model for static analysis
of isotropic plates and shells. They employed a linearized updated
Lagrangian formulation in which the rigid-body modes are removed
from the total displacements. The initial stress matrix was obtained
using a lower-order interpolation than that used for the linear stiff-
ness matrix.

Bathe and Ho* presented a three-node flat triangular shell element
for static analysis of isotropic plates and shells. This element was
obtained by combining the discrete Kirchhoff theory (DKT) plate
bending element of Batoz et al.> and the well-known constant strain
triangular (CST) plane stress element. Bathe and Ho* used a lin-
earized updated Lagrangian formulation in which the undeformed
coordinates are used to obtain the strain-displacement matrices for
all times. The membrane stresses and internal forces are computed
from total displacements as was done by Horrigmoe and Bergen®
whereas the curvatures and the bending moments are computed
from incremental displacements and updated at the end of each in-
crement. Bathe and Ho* also used a lower-order interpolation to
compute the initial stress matrix. Because they used a linearized
incremental formulation without removing the rigid-body rotations
from the total or incremental displacements, their formulation is
restricted to moderate incremental rotations.

The restriction in the formulation of Bathe and Ho* was over-
come by Hsiao® by removing the rigid-body modes from the to-
tal displacements. Both the membrane and the bending internal
force vectors are obtained from the total deformational transla-
tions and rotations in the updated Lagrangian formulation used by
Hsiao.

Fafard et al.” presented a six-node flat triangular shell element
called DLTP for static analysis of isotropic plates and shells. Their
flat shell element is obtained by combining the six-node DKT plate
bending element (DKTP) of Dhatt et al.® and the well-known linear
strain triangular (LST) plane stress element. Though the interpola-
tions used for the transverse displacement and the normal rotations
in the DKTP element are one order higher than those used in the
DKT element, the accuracy of the DKTP element was found to be
of the same order as that of the DKT element.® This is because in
both formulations the rotation of the normal to the undeformed mid-
surface of the element about the element edges is assumed to vary
linearly along the edges.

Fafard et al.” presented two updated Lagrangian formulations.
The first, termed ULF1, is a total Lagrangian formulation within
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each step, with the configuration at the beginning of the step taken
as the reference configuration for the next step. The second, termed
ULF2, is a fully updated Lagrangian formulation with the esti-
mated configuration at the end of each iteration taken as the refer-
ence configuration for the next iteration. In ULF1, all nonlinearities
are considered in the computation of stresses and the tangent stiff-
ness matrix. In ULF2, a linearized incremental formulation is used
but the stresses are computed using nonlinear strain-displacement
relations as in ULF1. Fafard et al.” studied the importance of us-
ing lower-order interpolations for the transverse displacement (w)
to compute the nonlinear terms in the Green—Lagrange strains and
the initial stress matrix. They found that a linear interpolation for
w is preferable with DLTP and that the DCT element (combination
of the DKT and CST elements), which suffers from severe locking
when a cubic interpolation is used for w, could be made softer by
using a linear interpolation for w. Fafard et al.” also found that, in
the case of ULF2, the solution failed to converge when very large
initial increments were used.

Chen® presented a three-node flat triangular shell element ob-
tained by combining the CST element and the plate bending ele-
ment of Morley!” for large displacement elastoplastic analysis of
isotropic plates and shells. Chen used the von Kdrmén theory of
large deflection and adopted the Lagrangian description to describe
the deformation of the element. Chen presented numerical examples
that involved only small rotations. Peric and Owen'!! presented a thin
shell formulation identical to that of Chen® for elastoplastic analy-
sis of isotropic plates and shells involving large rotations. Peng and
Crisfield'? also presented a three-node flat triangular shell element
identical to that of Chen® but employed a corotational formulation
in which the rigid-body modes are removed from the total displace-
ments using a procedure similar to that used by Hsiao,5 thereby
enabling the use of very large load increments. Chen,” Peric and
Owen,'! and Peng and Crisfield'? used the same shape functions
to compute the tangent stiffness matrix as those used for the lin-
ear stiffness matrix, unlike the case of Refs. 3, 4, 6, and 7 in which
simpler interpolations were used to compute the tangent stiffness
matrix.

The flat shell elements that use the CST or the LST elements
to represent the membrane action suffer from in-plane rotational
singularity, because these elements do not have drilling degrees of
freedom. Though the singularity can be removed by associating a
fictitious stiffness with the in-plane rotational degree of freedom,
the presence of drilling degrees of freedom is considered essential
for the analysis of shells, and elements with such drilling degrees of
freedom have been found to exhibit improved membrane response
and also a reduced sensitivity to element distortion.!3

Meek and Tan'* presented a flat triangular shell element for static
analysis of isotropic plates and shells by combining the LST element
and a plate bending element with loof nodes (six Gaussian points,
two on each edge). In their plate bending element the transverse
displacement is expressed in terms of the standard quadratic basis
in area coordinates using the corner and midside nodal values. The
rotations of the shell normal (8, B,) about local Cartesian coordi-
nates y, x are not expressed using the same quadratic basis because
of the existence of a linear combination of the basis, called the neu-
tral function, which is zero at all of the loof nodes. The existense of
such neutral functions in rectangular elements had been observed
by Gopalacharyulu® (in the case of higher-order polynomials at the
corners) and Irons'® (in the case of an incomplete cubic basis at loof
nodes), and they suggested that the singularity can be eliminated
by expanding the basis by adding an extra node. For a rectangular
element with loof nodes, Irons!® suggested that the centroid be used
as the extra node and also presented an expanded basis. Meek and
Tan'* used an expanded basis by adding a cubic term to the standard
quadratic basis in area coordinates. They also chose the centroid as
the additional node. The normal rotations (8, By) at the loof nodes
and the centroid are eliminated in terms of the rotations of the shell
normal about the edges at the loof nodes by imposing Kirchhoff
assumptions at a number of discrete points. Meek and Tan'* claim
that by doing so the in-plane rotational singularity is eliminated.
Because of the presence of fourth-order terms, a seven-point Gaus-
sian quadrature rule is required to numerically integrate the element
stiffness matrix of their element. As a result, nonlinear analysis of

large structures using their element might be computationally very
expensive.

Recently Poulsen and Damkilde!” presented a flat triangular shell
element by combining the LST element and a plate bending element
with loof nodes similar to those of Meek and Tan.!# The two major
differences between the plate bending elements of Meek and Tan'*
and Poulsen and Damkilde!” are as follows.

1) The seventh term in the expanded basis used by Meek and Tan'*
is unsymmetric in area coordinates, whereas that used by Poulsen
and Damkilde!” preserves symmetry.

2) The basis used by Poulsen and Damkilde!” to express the trans-
verse displacement has a term £;£,£; in area coordinates called the
bubble function, in addition to the standard quadratic basis, with the
centroid as the additional node.

Such a basis was expected to give better load distribution and
improved results for nonlinear analysis. The final degrees of freedom
are the same in both formulations, and the condensation was done
by Poulsen and Damkilde!” as was done by Meek and Tan.!* Both
Meek and Tan'* and Poulsen and Damkilde!” have not presented
any example on large rotations to demonstrate the performance of
the formulation for such problems.

The Allman triangular element® is the first successful membrane
element based on a displacement model with drilling degrees of
freedom. Flat shell elements obtained by combining the Allman el-
ement with a suitable plate bending element have been successfully
employed for linear analysis.'*~2!

Oral and Barut?? presented a shear-flexible flat shell element for
large deflection and instability analysis of isotropic plates and shells
by combining the Allman triangular element and the MIN3 plate
bending element of Tessler and Hughes.? In the formulation of the
MIN3 element, the transverse displacements are expressed in terms
of the standard quadratic basis in area coordinates. The shell normal
rotations are assumed to vary linearly over the element. The trans-
verse displacements at the midside nodes are eliminated by imposing
a constraint that the shear strain be continuous along the element
edges. This kind of anisoparametric interpolation and the use of a
suitable shear correction factor results in an element that has the
correct rank and does not suffer from shear locking even when full
numerical integration is used. Oral and Barut?? employed an updated
Lagrangian formulation in which the rigid-body modes are removed
from the total displacements using the procedure given by Hsiao.®

Madenci and Barut? presented a flat shell element for static anal-
ysis of composite structures, obtained by combining the flat trian-
gular membrane and bending elements developed by Bergan and
Felippa® and Felippa and Bergan,? respectively, which are based
on the formulation termed as free formulation, originally suggested
by Bergan and Nygard.”’ In the free formulation, the element stiff-
ness matrix is derived by expressing the requirements of the standard
patch test in terms of a set of constraints imposed on the element
stiffness matrix, without the need for a variational principle. The
presence of in-plane rotations in their formulation* eliminates the
in-plane rotational singularity. Madenci and Barut®* employed a
corotational form of the updated Lagrangian formulation in which
the rigid-body modes are removed using the procedure given by
Hsiao.% The same element also has been employed by Madenci and
Barut?® for thermal postbuckling analysis of curved composite lam-
inates with cutouts.

In a series of papers, Argyris and Tenek®~>! presented geometri-
cally nonlinear analysis of isotropic and composite plates and shells
subjected to mechanical and thermal loads, using the three-node flat
shell element based on the natural-mode technique.

In all of these flat shell elements except those of Bathe and Ho,*
Fafard et al.,” Meek and Tan,'* and Poulsen and Damkilde,!” large
rotations are handled by removing the rigid-body modes from the
total or incremental displacements. Several large-rotation formula-
tions based on isoparametric elements and a total Lagrangian for-
mulation have been presented, in which the large rotations of the.
shell director are described by using the large-rotation matrix pa-
rameterized by three rotation components (e.g., Refs. 32-34) or by
using nonlinear trigonometric functions parameterized by two rota-
tion components (e.g., Refs. 35 and 36).

Onate et al.”” presented a triangular flat shell element for geomet-
rically nonlinear analysis of isotropic shells. Their flat shell element



MOHAN AND KAPANIA 275

is a combination of the LST element and a plate bending element
(based on Reissner-Mindlin theory) with linear interpolation for
the transverse displacement using corner nodes and a linear inter-
polation for the rotations using midside nodes. Their plate bending
element coincides with the plate bending element of Morley'? in the
case of thin plates. Onate et al.” have mentioned that their nonlinear
formulation is based on Simo’s shell theory.*> No details regarding
the formulation as applied to the flat shell element are presented
by Onate et al.,’” nor have they presented any examples involving
large rotations to demonstrate the accuracy of the formulation. The
formulation of the flat shell element STRI3 of ABAQUS (combi-
nation of DKT and CST elements) also is based on description of
the motion of the shell director using the large-rotation matrix (pa-
rameterized by two rotation components). Not much information is
available in the existing literature regarding the formulation or the
accuracy of the STRI3 element either for problems involving very
large rotations.

In their earlier work, Kapania and Mohan?! presented static, free-
vibration, and thermal analysis of composite plates and shells using
a three-node flat triangular shell element that is a combination of the
DKT plate bending element and the Allman triangular element. The
Allman triangular element used by Oral and Barut® was derived
using the shape functions suggested by Allman.!® In the authors’
earlier work,?! the Allman element was derived from the LST ele-
ment as was done by Ertas et al.® using a transformation suggested
by Cook.

The motivation for the authors’ earlier work was the need for an
inexpensive and simple thin shell element that has a better mem-
brane representation and does not suffer from in-plane rotational
singularity, shear locking, spurious zero energy modes, etc. The el-
ement was intended to be used for two main applications of thin
shell structures: control of thermal deformations of a large flexible
mirror used in an astronomical telescope®®-*° and nonlinear analysis
of large inflatable structures made of woven fabric composites.

The Allman element was chosen for the obvious reason that it
simulates the membrane response better than the CST element and
does not suffer from in-plane rotational singularity. The Allman
triangular element exhibits a zero energy mode when all in-plane
nodal translations of the element are zero and all in-plane rotational
degrees of freedom of the element are identical. This combination
results in singular element stiffness matrix, but this singularity is
removed easily by prescribing a value of zero to one of the in-plane
rotational degrees of freedom of the entire finite element model.!®
This is in contrast to complex stabilization schemes that are nec-
essary to remove the spurious zero energy modes that are created
because of the use of reduced-order numerical integration. In most
cases the singularity is automatically removed because of the spec-
ified displacement boundary conditions.

The DKT plate bending element was chosen because it has been
well established as a reliable thin plate bending element.’ The shear
deformations are neglected, and so it does not suffer from shear
locking.

In the present work the flat shell element is extended for geo-
metrically nonlinear analysis of laminated plates and shells so that
the element could be used for the analysis of inflatable structures
that are expected to undergo large displacements and rotations. The
inflatable structures also are expected to undergo large membrane
strains. Hence the use of a membrane element such as the CST el-
ement is not desirable. Because the membrane element used in the
present and earlier works?"* exhibits better membrane response
than the CST element, it is expected to be more reliable than the
CST element.

An updated Lagrangian formulation similar to ULF1 of Fafard et
al.” is employed in the present study. Several numerical examples
are solved to validate the present formulation. The details of the
formulation are presented in Sec. II, and the numerical results for a
large set of examples are presented in Sec. III.

II. Finite Element Formulation
A. Static Analysis
The nonlinear equations of equilibrium governing the static re-
sponse of a structure are derived by applying the principle of virtual
work for a typical element using a local coordinate system. It is
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Fig.1 Motion of a body in a Cartesian coordinate system.

assumed that a known equilibrium configuration C; at some time
t =ty is available and that a new configuration C, at some time t =1,
has to be determined (Fig. 1).

The principle of virtual work can be expressed for a single element
as

W, =W, )
where §W, is the virtual work done by external forces and §W; is

the virtual work done by internal forces. The internal virtual work
is given by

SW; =
Cy

s{e} {s}dv )

where V is the volume of the element in C, {€} is the vector of
incremental Green—-Lagrange strains, and {s} is the vector of second
Piola—Kirchhoff (PK2) stresses. The PK2 stresses at any time #; <
t < 1, during the solution process can be decomposed as

{s} ={o}+{As} (©)

where {o} is the vector of Cauchy stresses in C; at time ¢ =¢; and
{As} is the vector of incremental PK2 stresses. The incremental
Green-Lagrange strains and PK2 stresses in any layer & of a lami-
nated structure are related by the constitutive equations given by

{As} = [Ql(e} @

where [ Q] is the standard matrix of elastic constants transformed
to the element local coordinate system.?! At the end of the current
step, the PK2 stresses in Cy, computed using Egs. (3) and (4), are
converted to Cauchy stresses in C, by a series of transformations*!
involving the deformation gradient tensor and the rotation tensor.
For small strains, however, it can be shown’ that, at the end of
the current step, the PK2 stresses computed in C; are equal to the
Cauchy stresses in C;.

Assuming that the thickness of the structure is small and the
incremental rotations are moderate, the variation of strain through
the thickness can be expressed as

{e} = (e} + z{k} — {"} )

where {e}, {}, and {€°} are the vectors of incremental membrane
strains, bending strains, and thermal strains, respectively, and are
given by

5 (W + V5 4 w))

{e} = vy + 5 + 0% +w?) ©)
Uy +VUx + Uyt V0, +WW,y

{x}= {ﬂx,x ﬂy,y ﬂx,y + ﬂy,x}T @)

{60} = {ax oy axy}/{AT (8)

where u, v, w are the incremental translations of the midplane of
the element; B, and B, are the incremental rotations of the normal to
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the undeformed midplane about the local y and x axes, respectively;
oy, &y, and o, are the coefficients of thermal expansion w1th respect
to the element local coordinate system for the kth layer®; and AT
is the prescribed temperature increment. The local x dlrectlon is
taken along the side 1-2 of the element with the origin at node 1.
The local y axis is perpendicular to side 1-2 of the element and
lies in the plane passing through the three nodes of the element.
The temperature increment AT is assumed to be uniform over the
entire element. The present formulation can be extended easily for
nonuniform temperature distribution, as was done in the authors’
previous work?! on linear analysis. The internal virtual work now
can be expressed as

oW = 3{6}T{s}dV=f(3{€}T{N}+5{K}T{M})dA ©
C; (o]

where A is the area of the midplane of the element in C; and {N}
and {M} are the force and moment resultants, respectively:

h

{N, M} =fh{s}(1,z)dz (10)
-7

where A is the thickness of the laminate. Using Eqgs. (3) and (4), the
force and moment resultants can be decomposed as
{N} = {N1} + {AN"} — (AN"} an
{M} = (M1} + {AM"} — {AM") (12)

where {N1}, {M,} are the force and moment resultants in C; at time
t = t;; {AN™}, {AM™} are the incremental force and moment
resultants due to mechanical stresses; and {AN®}, {AM®} are the
incremental force and moment resultants due to thermal stresses:

) = [ (010, 4z a3
-2
(8N = [ 10 + 216D dz = [A1e) + Ble) (1)
-2
(8h7) = [ 10,16l + 2lczde = [Be) +1DVe) - 19
-2

N, an = [ 10410, ¢ {0
-z

where [A], [B], [D] are the standard matrices of elastic constants.
All of the integrals are evaluated using a three-point integration
scheme in area coordinates.”? The first variation of the membrane
strains can be expressed as

and {P} is the vector of quadratic shape functions in area
coordinates.?! The shape functions in {P} are arranged in such an
order that nodes 4, 5, and 6 are at the midpoint of the sides 1-2, 2-3,
and 3-1, respectively. The derivatives of the in-plane displacements
are given by

U {P,x}T 0

P 0
“t ‘5} oy | Tl = Bulla) @D
vy 0 {P,}T

where { P} and { P, } are the vectors of derivatives of the shape func-
tions with respect to the local x and y coordinates, respectively?;
the matrix [7y], which is given in Ref. 21, is used to express the
nodal degrees of the LST element {a,} in terms of the nodal de-
grees of freedom of the shell element {a} as {ai} = [Tiq]{a}, where
{a}T = {ul’ V1, Wy, exp 9}']’ 921 , U, U2, W2, 9}(2) 0 ezzv us, v, w3,
0,3, ¥32 }

In the case of the DKT element, the transverse displacement w is
not explicitly defined over the interior of the element. The derivatives
w, and w,, at the integration points (located at the interior of the
element) can be obtained using a linear interpolation in terms of the
nodal values. However, this kind of interpolation required a very fine
mesh and small load steps, probably because of the nonconformal
nature of the derivatives along the element sides. Past experience has
shown that evaluating the derivatives from a linear interpolation for
w using the nodal values gives better results.” The same approach
is followed here. In area coordinates, w is expressed as w(&, n) =
(1 -& — nw+ §w, + nws, from which the derivatives can be
obtained as

W x _ 1 -—bz - b3 bp_
w,y T 24 —C—C
where A is the area of the midplane of the elementin Cy, b; = y;—yi,
¢ = X, — xj,and [T.,,] is used to express {w; w, ws}7 in terms of
{a} as {w; wy ws}" =[T,]{a}. The transformation matrix [T,,] is
made of zeroes and ones and its determination is straightforward.

Combining Eqgs. (21) and (22), the first variation of the membrane
strains can be expressed as

{8¢e} = [G/1][G.]{éa} (23)

where [G,] is a matrix of size 6 x 18 with the first four rows made
of [Byy] and the last two rows made of [B,,]. The normal rotations
B and B, can be expressed in terms of the nodal degrees of freedom
of the DKT element as

b
3] [T,)a} = [Bu)a} (22)
C3

Suy 4+ U 8u, + 0,86V, + w,Sw
(8¢} = Suy +uybuy + 0,80, +w,éw, amn
Suy+0v, +uduy+uduy + 80, + 0,80, +w dw, +w,dw,

This equation can be rearranged as

{8e} =[G {ou, du, dv, dv, dw, Sw,}’ (18)

where

14+u, 0 Uy 0 w, 0
[G]= 0 uy 0 I+v, 0 w,
u, I+u, l+uv, U, W, Wy

(19)

The in-plane displacements « and v can be expressed in terms of
the nodal quantities as

u] [P0
{v]-[ . {P},]{am} (20)

where {ai¢} is the vector of nodal degrees of freedom of the LST el-
ement given by {ais)} = {u1, ua, us, us, us, ug, vy, va, v3, vs, vs, vg}

B: = (1/2A)[H (&, m)Naaa}, By = (1/2A)[H, ¢, M{aaa)

@9
where {aqy} is the vector of nodal degrees of freedom of the DKT
element given by {ag.}’ = {w, Oy 0y, wy by, 0y2 w3 b, 6.},
[H,] and [H,] are the vectors of shape funct1ons given by Batoz et

al.’ These shape functions have been reordered such that nodes 4, 5,
and 6 are at the midpoint of the sides 1-2, 2-3, and 3-1, respectively.
This can be accomplished easily by replacing the subscripts 4, 5,
and 6 with 5, 6, and 4, respectively. This reordering has been done to
match the order of the nodes with that of the LST element to avoid
confusion while coding. The bending strains now can be expressed
as

. szTE +b3HxT,,
{k} = A CzHy,; + 03HyT,,,
ey + csHy, + bl + baHY,

= [Baxl{a} (25)

[Tala)
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where Hy ¢, H, ,, Hy ¢, H, , are the derivatives of the shape func-
tions given by Batoz et al.,’ which also have been reordered as
mentioned earlier. The matrix [Ty ], which is given in Ref. 19, is
used to express {agy} in terms of {a} as {aq} = [Tal{a}. The
external virtual work can be expressed as

§W, = (a}"{ f} (26)

where {f} is the element external force vector (due to mechanical
loads). The equations of equilibrium at the element level can be
expressed as

{g}=1{g) - 1{f}=
fc (G IG TN + Baal (M) dA — (f) =0 27)

where {g} is the element internal force vector. The element internal
and external force vectors thus obtained in the element local coor-
dinates are converted to the global coordinates using the standard
coordinate transformation*> and are assembled to obtain the global
internal force vector g and external force vector f. In the rest of the
section, vectors and matrices in the global coordinate system are
denoted in boldface.

The equilibrium equations of the entire finite element model in
the global Cartesian coordinate system at any time ¢ can be written
as g = ¢, — f; = 0, where g is the residue of or the imbalance
between the internal and external forces. In all numerical examples,
only configuration-independent concentrated loads are considered.
Hence, the external global load vector f can be obtained just by
prescribing the global nodal forces. Also, the thermal and mechan-
ical loads are not applied simultaneously. The nonlinear equations
of equilibrium are solved using the Newton—Raphson method, an
iterative or step-by-step process in which a linearized form of the
equilibrium equations are solved in each step. The Newton-Raphson
method is illustrated in Ref. 44 using load control for mechanical
and thermal loads separately. Details of arc-length control can be
found in Ref. 45. Assuming that a known equilibrium configura-
tion exists at some time #; the equations of equilibrium at some time
t1+ At can be linearized using the truncated Taylor-series expansion
about the known configuration at time ¢, as

15]
8n+ar =4y + (8—3) Sa—f1n=q, +Klba—f, i ar (28)
f

where [K] is the global tangent stiffness matrix, which is obtained
by transforming the local element stiffness matrices [k] [obtained
by taking the derivative of the element internal force vector {g} in
Eq. (27) with respect to {a}] and assembling them in the standard
way. The derivative of the terms in Eq. (27) is obtained using the
chain rule

a()
8()=—=6
O il {a}
Using Egs. (11), (12), (14), (15), (23), and (25), the derivatives of
{N} and {M} w.r.t. {a} can be obtained readily as

0

_(){LV_} = [AN[G[G,] + [B][Ba)

o{a}

oM )
AMY _ BIG1IGa] + (D]l Ba]

{a})

The variation of the product [G,]T[G,]T {N} is given by
3(IG2l"IG1) (N}) = [Ga]l" (31G11" )N} + [Ga]"[G1)8(N)
(30)

Using the special property of the matrix [G] (Ref. 46, p. 294), the
product (8[G1]7){N} can be expressed as

N 0o 0
BIGI"){NY={0 N o |[G8{a} 31)
0 0 N

where n,, n,, and 7y, are the components of {N} and

The derivative of [G,]7[G,]7 {N} with respect to {a} can be obtained
easily using Egs. (30) and (31) and the chain rule. The element
tangent stiffness matrix [k] now can be expressed as

[k] = /C [G21"[G1]"[ANG11[Ga] + [ Ba) " [D][ Bu]
1

+ [Ba]"[BI[G11[G2] + [G1" (G117 [B1[ Baw]

0 0

N
+[G)" 0o N [G,] | dA (32)
0 0

0
N

B. Dynamic Analysis

As in the case of static analysis, it is assumed that a known equi-
librium configuration exists at some time #; and the solution at some
time #; 4+ At has to be determined. The equations of equilibrium gov-
erning the dynamic response of a structure at time #; + At can be
expressed as Md, 4o + Gy +a¢ = fi+ar, Where M is the mass ma-
trix, g is the internal force, and f is the externally applied force. A
consistent mass matrix as described in the authors’ previous work?!
is employed in the present study. The equations of equilibrium are
solved using the Newton-Raphson method in combination with the
Newmark integration scheme. The reader is directed to Ref. 1 for
details of the algorithm.

III. Numerical Examples

Several numerical examples were solved to verify the accuracy of
the present formulation and the results are presented in this section.
All examples were solved using the full Newton—-Raphson method
with load control or arc-length control.** The results obtained using
the present formulation are compared with the results available in
the existing literature and those obtained using the STRI3, S4R,
and S4RS elements of ABAQUS using the same solution procedure
that is used with the present formulation. The STRI3 element is
a three-node flat triangular shell element obtained by combining
the DKT plate bending element and the CST membrane element.
The S4R element is a four-node doubly curved shell element with
reduced integration, for thin or thick shells, and the S4RS element
is similar to the S4R element but is applicable only for thin shells.
In Figs. 37 and 11, the mesh shown for the initial geometry is only
for illustrative purpose and is not the same as the actual mesh used
for the computation.

A. Static Response Analysis

The results for the static response analysis (snap-back behavior)
of an anisotropic hinged cylindrical panel are given in Ref. 44. To
demonstrate the accuracy of the present formulation for problems
involving large rotations, five standard problems have been consid-
ered.

1. Cantilever Beam Under a Tip Moment

The geometry and material properties used are those given by
Hsiao.’ The applied bending moment (2000 7r Nm) at the tip causes
the beam to deform into a full circle. In Fig. 2, the results obtained
using the present formulation (using load control in 50 steps and
a total of 200 iterations) are compared with those obtained using
STRI3, S4R5, and S4R elements of ABAQUS. The present results
are in good agrreement with those obtained using STRI3 and S4R
elements. The results obtained using the S4RS element show slight
deviation from the rest of the results for 4200 < M < 6000 Nm.

2. Clamped Cylindrical Shell Under Pinching Loads at the Apex

The geometry and material properties are those given by Brank et
al. The analysis was performed until the deflection under the load
was just about equal to the radius of the cylinder. The load-deflection
path was traced using arc-length control in 32 increments with a total
of 120 iterations. Though the response does not show any instabil-
ities, arc-length control has been used because the convergence is
faster in the case of arc-length control than load control. In Fig. 3,
the results obtained using the present formulation are compared with
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. This study (N =50 , i = 200)
--------- STRI3 (N=50,i=313)
———— S4R(N=50,i=245)
----------------- S4R5 (N=50,i=212)

6000

5000 - N : No. of steps i: No. of iterations

)

4000 [~ Initial shape and deformed T,
I shape at tip moment = 2000 =
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g
o

2000 |
1000 |
o
0 1 2 3 4 5 6 7
Tip deflection (m)
Fig.2 Cantilever beam under a tip moment.
. This study (N =32, i=120)
-------- STRI3 (N =90, i = 283)
800 |- | —momrmimimee STRI3 (N =37, =201)
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Fig. 3 Clamped cylindrical shell under pinching loads (quarter shell
model, 30 X 30 mesh).

those obtained using STRI3, S4R, and those of Brank et al.*® The
STRI3 element showed severe convergence problem for P > 500 N
when load control was used. Though large load increments could be
used up to P = 500 N, the load increments were automatically cut
down for P > 500 N, resulting in atleast 100 steps. When arc-length
control was used, the STRI3 element showed extreme sensitivity to
the size of the arc-length increments. Only the results obtained us-
ing the arc-length control are presented in the case of the STRI3
element. The flat shell element of the present study and S4R did not
show such problems. As can be seen from Fig. 3, the results obtained
using the STRI3 element in 37 increments do not agree well with
the rest of the results. The present results agree well with those of
Brank et al.,’® S4R, and STRI3 (obtained using 90 increments).

3. Cylindrical Shell with Free Ends Under Stretching Loads at the Apex
The geometry and material properties are those given by Brank
et al.3 Two distinct zones of stiff and soft behavior can be identified
from the load deflection curve (Fig. 4). Most of the results in the ex-
isting literature show good agreement only in the soft zone. In Fig. 4,
the results obtained using the present formulation (arc-length control
in 25 steps with a total of 95 iterations) are compared with those of
Brank et al.*® and those obtained using the S4R and S4R5 elements

° This study (N=25, i = 95)
S4R (N=19,i=90)

--------------- S4R5 (N=19,i=78)
60 - o Brank et al (1996)
(32x32, 4-node shell elements)

50 |- N : No. of steps i : No. of iterations
Z |
o

30

20

Deformed shape
[ (P=60.08N,w=2818m)
10
0 [ e L
0 1 2

w (m)

Fig. 4 Cylindrical shell with free ends under stretching loads (one-
eighth shell model, 20 X 20 mesh).

N = no. of steps, i = no. of iterations

400 . This study (N =22, i=88)
------- STRI3 (N =48 ,i=267)
— S4R(N=25,i=131)
° Buechter and Ramm (1992)
(16x16, 4-node elemens)
300 |-
z
Q. 200
8V}
100 |-

I U, In-plane displacemrnt at A

0 1 s L — 1 — — | - L L . " L "
-8 -6 -4 2 0

U, (m)

Fig. 5 Hemispherical shell under pinching and stretching loads (z at
point a, quarter-shell model, 40 X 40 mesh).

of ABAQUS. The present results are in good agreement with those
of Brank et al.36 and S4R in both the stiff and the soft zones. The
S4RS5 element failed to proceed in the same direction for P > 32 N.

4. Hemispherical Shell with a Hole Under Pinching and Stretching Loads

The geometry and material properties are those given by Buechter
and Ramm.*’ In the present study, the transverse displacement (w)
along the hole (Fig. 5) is constrained to prevent the rigid-body mo-
tion, which otherwise is not suppressed by the symmetry conditions
shown in Fig. 5. The results obtained using the present formulation
(arc-length control in 22 steps with a total of 88 iterations) are com-
pared with those of Buechter and Ramm*7 and those obtained using
STRI3 and S4R elements in Figs. 5 and 6. The present results are
in good agreement with those of Buechter and Ramm*’ and S4R.
The results obtained using the STRI3 element for the transverse
displacement (Fig. 6) do not agree well with the present results and
those obtained using S4R.

5. Ring Plate Under a Line Load at the Free Edge
The geometry and material properties are those given by Buechter
and Ramm.“’ The results obtained using the present formulation
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N = no. of steps , i = no. of iterations
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Fig. 6 Hemispherical shell under pinching and stretching loads (w at
point a, quarter shell model, 40 X 40 mesh).
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Fig. 7 Ring plate under line load at the free edge (full plate, 10 x 80
mesh).

(arc-length control in 44 steps and 223 iterations) are compared with
those of Buechter and Ramm*’ and those obtained using the S4R and
STRI3 elements in Fig. 7. The present results are in good agreement
with the rest of the results. As in the case of the pinched cylindri-
cal shell, the STRI3 element showed some convergence problems.
Though large initial increments were used (in arc-length control)
the increments were cut down several times during the course of the
analysis, resulting in 242 increments with a total of 1199 iterations.
The total number of iterations used in the case of the present formu-
lation or S4R are smaller than the total number of increments used
in the case of the STRI3 element.

B. Dynamic Response Analysis

The dynamic response analysis of an antisymmetric angle
ply laminated ([45/—45]) hinged cylindrical panel of thickness
0.0126 m under a centrally applied load of 1600 N was performed.
The geometry and material properties are those given by Brank et
al.% The density and time step are 1000 kg/m® and 0.5 x 1073,
respectively. The force was applied at time ¢+ = 0 and held constant.
The results obtained using the present formulation are compared
with those obtained using the STRI3 and S4R elements (using same
time step) in Fig. 8 and are in good agreement with each other.

tof4e] This study
| Timestep=05x10°sec | ~"TTT0 STRI3
P o
0.030 |-
_ -
£
N
c
kel
k3]
ko] 0.020 -
S r
m -
©
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= 0.010 |-
oooOf-
0.00 0.05 0.10

Time (secs)

Fig.8 Dynamic analysis of an anisotropic ([45/—45]) hinged cylindri-
cal panel under a concentrated load at the center.
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10 [45/-45/0/90],

0.15x0.15x0.001016 m

B.Cs:uv,w8,=0
on all edges

W.../h

05 w, : max. magnitude of imperfection

e This study (w /h = .0005)
This study (w /h = 0.05)

. Meyers and Hyer (1992)
(Rayleigh-Ritz , w./h = 0.05)

. SRR AU S ST ST SRR S |
0.5 1.0 15 2.0 25 3.0
TI/T,

Fig. 9 Thermal postbuckling analysis of a simply supported square
plate under uniform temperature rise (full plate, 16 X 16 mesh).

C. Thermal Postbuckling Analysis

The thermal postbuckling analysis of a simply supported sym-
metrically laminated imperfect square plate and an antisymmetric
angle ply laminated clamped cylindrical panel subject to a uniform
temperature increase was performed. The material properties used
for the plate are those given by Meyers and Hyer*® and the imper-
fections considered are in the form of the first buckling mode. The
bifurcation behavior of the perfect plate at the critical temperature
was simulated by adding a very small amount of imperfection, with
a maximum magnitude of 0.0005 times the thickness of the plate.
The critical temperature (39.491°C) was determined by performing
a linear thermal buckling analysis. The same shape functions that
were used to compute the so-called consistent mass matrix in the
authors’ earlier work?! have been used to compute the geometric
stiffness matrix. The eigenvalue problem was solved using a sub-
spaceiteration method. The material properties used for the clamped
cylindrical panel are those given by Huang and Tauchert,* and the
geometry is the same as that used in the dynamic analysis except
that the thickness used in this case is 0.00254 m.

The results for thermal postbuckling analysis of the square plate
are given in Fig. 9 along with the Rayleigh-Ritz solution of Mey-
ers and Hyer* and are in good agreement. The results given in
Fig. 9 are nondimensionalized with respect to the critical buckling
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Fig. 10 Thermal postbuckling analysis of a clamped cylindrical panel
under uniform temperature rise.
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Fig. 11 Circular arch under apex load (quarter arch model, 30 x 100
mesh).

temperature (38.6°C) given by Meyers and Hyer.*® The response
of the imperfect plate closely follows the simulated response of the
perfect plate as in the case of the results presented by Meyers and
Hyer.*® The results for the response of a clamped cylinder under
uniform temperature rise are given in Fig. 10 along with those ob-
tained using the STRI3 and S4R elements. The present results are
in excellent agreement with those obtained using the S4R element,
whereas the results obtained using the STRI3 element do not agree
well with the present results or those obtained using S4R.

D. Analysis of a Circular Arch

Static analysis of an isotropic circular arch under a concentrated
apex load was performed. The results are given in Figs. 11 (30 x
100 mesh, 18,786 degrees of freedom) and 12 (50 x 100 mesh,
30,906 degrees of freedom) along with those obtained using STRI3,
S4RS5, and S4R elements. As can be seen from Fig. 11, the results
obtained using the present formulation are in good agreement with
those obtained using the S4R element except for a slight deviation
for P > 15,000 Ib. The results obtained using the S4R5 element
are in good agreement with the present results and those obtained
using the S4R element until P = 11,000 b, after which the S4R5
element shows a snap-through behavior. The results obtained using
the STRI3 element do not agree well with the rest of the results. The
STRI3 element also shows a snap-through behavior at a later stage.

I
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Fig.12 Circular arch under apex load (quarter arch model, 50 x 100
mesh).

As in the case of the pinched-cylinder problem the STRI3 element
also showed some convergence problems. Not much difference was
noticed between the results obtained using the present formulation
with 30 x 100 mesh and 50 x 100 mesh. The agreement of the
present results with those obtained using the S4R element is much
better in the case of a 50 x 100 mesh (Fig. 12). Both STRI3 and
S4R5 elements gave a stable solution when a 50 x 100 mesh was
used but the results do not agree well with those obtained using the
present formulation or the S4R element. As canbe seen from Fig. 12,
the arch undergoes large deformation only in the region around the
apex. Hence, a finer grid could have been used only around the apex.
Such grid stretching was not done because the main aim of the study
was only to assess the accuracy of the formulation.

IV. Summary and Conclusions

Geometrically nonlinear analysis of isotropic and composite
plates and shells using a three-node flat triangular shell element
was presented. The flat shell element is a combination of discrete
Kirchhoff theory (DKT) plate bending element and a membrane
element similar to the Allman element but derived from the linear
strain triangular (LST) element. Several numerical examples involv-
ing small and large rotations were solved to validate the accuracy
of the present formulation. The results obtained using the present
formulation agreed well with those available in the existing litera-
ture and those obtained using the S4R element of the commercial
finite element software ABAQUS. In the case of problems involving
large rotations, more steps were required for the analysis using the
present element than were required by the S4R element or elements
in the existing literature based on a large-rotation theory, but the
analysis is not computationally expensive because of the simplic-
ity of the formulation. The present formulation did not show any
convergence problems like that of the flat shell element STRI3 and
also did not require extremely fine meshes to obtain a stable solu-
tion like the STRI3 and S4RS5 elements. The present formulation
does not suffer from in-plane rotational singularity, spurious zero
energy modes, shear-locking, etc., and is very reliable for nonlinear
analysis of large flexible structures.
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